BAULKHAM HILLS

2023 | TRIAL HSC EXAMINATION

Mathematics Extension 2

General + Reading time — 10 minutes
Instructions + Working time — 3 hours

+ Write using black pen

+ Calculators approved by NESA may be used

+ A reference sheet is provided at the back of this paper

* In Questions 11 — 16, show relevant mathematical reasoning
and/or calculations

Total marks:  Section | - 10 marks (pages 2 — 4)
100 - Attempt Questions 1 — 10

« Allow about 15 minutes for this section.

Section Il - 90 marks (pages 5 — 10)
+ Attempt Questions 11 — 16
+ Allow about 2 hours and 45 minutes for this section.



Section I

10 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section.

Use the multiple-choice answer page in the writing booklet for Questions 1 — 10.

1
If AB=|2|and Bisat (3,4,3), how far is 4 from the origin?
2

NG

3

43

ca w »

2 Only one of these statements is FALSE. Which statement is FALSE?

A. Ifxis odd, x? is also odd
B. 3xeR,3* +4* =5
C. 5*" -1 is divisible by 8 for all positive integers n

D. Vx,yeR,if x*—y*>0then x—y >0

Which expression is equivalent to J.3\/; In xdx?

A. 2x\/;(lnx—§j+c
2
B. 2x\/§(1nx+§j+c

C. L(ilnx_ljw

Jx\2

D. L(Elnx+lJ+C
Jx 2



. . . 1
Which expression is equivalent to J-—dx?

x> +6x+25
A. ltan*1 (x13]+C

4

B. ln(x2+6x+25)+C
x+3

C. tanl(x13j+C

D. ln(x2+6x+25)+C

The velocity of a body moving in a straight line is given by v = f'(x) where x metres is
the displacement relative to the origin and v is the velocity in metres per second. What
is the acceleration of the body in metres per second squared?

J'()
'™
xf"(x)
J)f'(x)

O 0w

4 6 5

The points P, Q and R have position vectors or=|2 |, O—Q =| 3 |and OR=|1
-3 -1 0

What is the size of ZQOPR, correct to the nearest degree?

A. 25°

B. 42°
C. 45°
D. 49°

If the cube roots of unity are 1, and ®”, then what are the roots of the equation
(x=1)+8=07

A -l 1420, —-1-20°
B -1, -1, -1

C. ~1, 1-2m, 1-2&*

D —1, 1420, 1+20°



Two bodies of masses m; and m, are connected by a light inextensible string and
pass over a smooth pulley. If the mass m, is coming down, what is the acceleration

of the mass m,?

A. g(ml +m2)
my —m,

B. g(ml _mz)
m, +m,

C g(mymy)
my—m,

D. g(mymy)
my +m, m,

For how many values of x is sin x +icos2x conjugate to cosx —isin2x?
A. No value of x

B Only 1 value of x

C. Two values of x
D

An infinite number of values of x

The area of the region enclosed by the curve zz +a(z+z)+a =0 is 27 square units.

If a® —7a+10 = 0, what is the area, in square units, of the region enclosed by
zz+2a(z+z)+a=07?

A. 4

B. 107
C. 14
D. 2r



Section 11
90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section.

Instructions
* Answer the questions in the appropriate page of your answer booklet.
*  Your responses should include relevant mathematical reasoning and/or calculations.

+ Extra writing paper is available. If you use extra paper, write your name, and your teacher’s name on the
paper and clearly indicate which question you are answering.

Question 11 (16 marks) Start on the relevant page of your answer booklet

2
() Findj < dx.

x°+1
(b) Letz:l_7l.
3+4i
(1) Express z in the form a + ib.

(i)  Find Arg 2.

5x% —4x-9 a +bx+c
(x—2)(x2—3> x—-2 ¥*-3

(©) (1) Find real numbers a, b and ¢ such that

4

2
(i)  Hence, show thatj Sx —4x=9 dx:ln%

(x—2)(x2 —3)

3

(d)  Itisgiven that z; = cosgﬂsmg and z, =1+i.
(1) Express z,z, in exponential form.

(i1) Find the smallest positive value of n for which (2122 )n is a purely imaginary number.

(e) Consider the statement about a real number x “if x° +4x> +5x > 8x* +2x* +17 then x>0".

(1) Write down the contrapositive of the statement.
(i1) Hence, or otherwise, prove the statement “ Vx € R, if x° + 4x +5x 2 8x* +2x2 +17

then x>0".



Question 12 (14 marks) Start on the relevant page of your answer booklet

(2)

(b)

(©)

(d)

(e)

2r
Use the substitution ¢ = tan-- to show that ’ d),C =4-2.3.
2 7z l+sinx
3
(1) On an Argand diagram, shade the region containing all the points representing z such

that both |z—1|£1 and OSarng%.

(i1) Find the area of the shaded region in simplest exact form.

Point A4 has a position vector of 2i — 6+ 5k and point B has a position vector of { —4; —3k.

The point X lies on the line AB and divides the line in the ratio 3:1.

Find the position vector of X.
If ¢ and S are the roots of x* —2x+4 =0, prove that " + " = 2" cos%.

The points 4, B, Cand D form a quadrilateral and represent the complex numbers z;, z,, z3
and z, respectively. It is given that z, —z, +z; —z, = 0. Determine what type of quadrilateral is
ABCD, giving reasons for your answer.



Question 13 (15 marks) Start on the relevant page of your answer booklet

(a) Find j ¢ dx .

e —1

(b) The velocity of a particle moving along the x-axis is given by v? =12 +8x —4x?, where x is the

displacement of the particle and x is measured in metres.

(1) Prove that the particle moves in simple harmonic motion.
(i)  Find the amplitude, centre of oscillation and the period.

(iii))  Initially, the particle is at x = 3. Calculate the time taken for the particle to travel a distance
of 1 metre from x = 3 and the velocity when it has travelled 1 metre.

(©) The figure below shows the rectangle ABCD, where C has coordinates (3,7,12) and D has
coordinates (5,1,4). The point £ (2,1,0) is such so that BDE and EC are straight lines.

E(2,1,0)

4 (5,1,4

B(x,y,z) C(3,7,12)

Use vector methods to determine the coordinates of A.



Question 14 (14 Marks) Start on the relevant page of your answer booklet

(a) Prove, by contradiction, that there are no positive integers p and ¢ such that 4p? —¢* =25.

(b) Three numbers a, b and c are all positive.

(1) Use the Arithmetic/Geometric mean inequality, or otherwise, to prove that

(a+b+ 6)3 >27abc.

(ii) Hence, or otherwise, if a, b and ¢ multiply to give 1, prove that a’c* +b°a* +°b* > 3.
(c) Letthe points 4,,4,,4;, ..., A, represent the n-th roots of unity w,,®,,®;, ... ,®,. Suppose also
that P represents a complex number z such that | z | =1.
(1) Provethat o, +w, +w;+---+®,=0.

(i) Show that |P4,[" =(z— @, )(Z~@,) for k=1,2,3,...,n.

n
(iii) Hence prove that Z|PAk|2 =2n.
k=1



Question 15 (17 Marks) Start on the relevant page of your answer booklet

(a) A particle of mass m falls vertically from rest at a height of H metres above the Earth’s surface,

against a resistive force mkv when its speed is v ms™. (k is a positive constant). Let x metres be the

distance the particle has fallen and g ms™ be the acceleration due to gravity.

(1)
(1)
(iii)

(iv)

(v)
(vi)

b) A person standing at a fixed origin O observes an insect taking off from a point 4 on level horizontal
p g g g p
ground. The position vector of the insect, ¢ seconds after taking off is given by

All distances are in metres and the coordinate axes x, y, z are oriented due east, due north and

Show that the acceleration, a, is given by a = g —kv.
Calculate the terminal velocity of the particle.

If the particle reaches the Earth’s surface with speed V), show that

2
ln(l—kVoj+kV0 +k H =0.
g g 4

Show that the time, 7, taken to reach the Earth’s surface is given by

T=lln g .
k \g—kV,

Show that V, =Tg —kH.

Hence, prove that 7' < 1 + kﬂ

g

5=(t+1)g+(2t+%jj+2ﬂg.

vertically upwards, respectively.

(i)
(i)

A bird is waiting on the roof top of a garden shed at a point B with coordinates (5,%,3}.

(iii)

Find the bearing of the insect’s flight path, correct to the nearest degree.

2

Calculate the angle between the flight path and the horizontal ground, to the nearest degree. 1

Let D(x,y,z) be the point on the insect’s path which is the shortest distance between the

insect’s path and the bird at the point B.

By first finding the projection of AB onto the insect’s flight path, calculate the shortest

distance between the bird and the insect’s path.

3



Question 16 (14 Marks) Start on the relevant page of your answer booklet
2

(a) Let 7, =J- x"e *dx for positive integers n > 0.
0

(i)  Showthat I, =nl,_,—e *A" for n>1.

() IfJ,=1lim/,, showthat J,=nJ,_ for n>1.
A—0
(i)  Deduce that J, =n! for n>1.

(b) Given p and ¢ are positive real numbers:

(i) Prove that %(p +q)=+/py.

(i)  Hence, deduce that \/; < l(i + \/5 ]
1N

(c) Given ay,a,,as,...,a, and by, b,,bs,...,b, are positive real numbers, where 0 <b <b, <b; <...

and 4, =a,+a,+ay+...+a,, B, =b +b, +by+..+b,,where 4, <B,, for r=12,3,...,n.
(1) Prove, by mathematical induction for all positive integers #, that

1

Bl g L1 g L L 1l
Y S T
(i1) Hence, given that
a_, 4 4G 4
Vb b b B,
1

Aﬁ( 1| JAH{;_;]An_z+...+[¢;jfll,
N N NN b b,

show that Z 4 SZ\/E .
r=1 \/E r=1

(ii1))  Using the result from Question 16 part (b), or otherwise, deduce that

DI
r=l1 r=1
End of Paper

-10 -
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